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ABSTRACT

The mathematical basis for the foithcoming An@llal I,iquid Bridge inve._t_gation on h,_d P,lil

is described. The an_icpated hq'aid behavior used ha the apparatus desiga is ilb,_tratcd.

INTRODUCTION

_Ve de_cribe here recent mathematical results that form the basis of our for*.hcoming space

expe..4ment,developed joiutlywith Mark WeisJogvl of NASA Lewis lh-._rch C_:.ter) whicl_
scheduled forthe Gim,'cbaxon the Mir 23 / NASA 4 Mission inDecember, 199{}.Our mathematical

work is ha.tedon the classicalYoung-Laplace-Gauss formulation for an equilibriumfree su.'_ace

of iiquidpartly fillinga omtainer <,rotherwise in contact with solidsupport surfaces. In thi_

formulz.tion,when gra_d.'yisabsent or can be neglected,which is the situatioI:we ('on._i,b.rhvle,

the mechanical energy E of the s,,_ is Wen by

F, = ,)(S - ,g"c,_'t).

Thc interracial liquid-_4_or surface ,_ension paramec.er c, and the relative adheshm ,-o,+_,-;ent o+.;

,-,fthe liquidwith the containerwallsare assumed to depend only on the mate_ai proper'ties,which

are taken here tobe ho.)e_neaus _the._.mevalueof cos7 on allparts oIthe container,as v,utlbc

she r._e for the experiment). $ and S" are,respectiv,.iy,the _r.-.s ,,fth_ l;q.hl-val.,f,+_,._.rf_',:

and of the sohd-liquidinterface.

Equilibrium configura _ are those provldmg st_tmnaxy, x_ues of the energy _mctional E

subject to the condition ol _ liquid volnme [I]. 'l'h_ equilibrium llquid.vapo: _ _.urfacc_
determined are surfacesot :tautmetal curvatur,,m.,_.tin_the l_,t, iidil}g whll._ w'ith <',.M_,:t

angle 7. We con_der here value.,oi the contact angle 0 < _, -- x. Of particularinteresti.
o.r math,.maticM studiesaxe situatiou=in which small c._._n$c._m contactangle or geometry can

resultinlargecha_,ge_,possibly,l;_cnnti.u,m_of the equilibriumfluidconfiguration,Impetus ior

the pr_ent _xpe_iment arises largely fxom re,._ut docto,al,]i_.-ertali,._s,.f t_.__tt),l,-,,_ _._.,,,-;+.h.d
with our study,John McCuan [2]and Lia._min Zhou i3},from whose con*.r_tiugresultsstri_Sza.v,

i.fv,e,,+:'°-,caa be drawn.



ANGULAR LIQUID BRIDGE

In his work, McCuan found conditionsunder which an equilibriumtubular bridgein a wedge

domain (Fig.i)would be possibleinzero gravity,and he gave the shape such a bridge mlgl,ttal_.

This work isa completely rigorousmathema_cal study,based on the classicalformulation.

Consider a wedge domain with opening angle 20, 0 < 2a < _r.The resultsMcOuan proved

containthe l'ollowLug(ifthe contactangleson the two sidesofthe w_ge are different,the following

resultshold if3'on the leftof the inequalitiesistheiraverage):

If "_ > n/2 + a, a bridge in the shape of a portion of a sphere ma/ang contact angle -/ with the
wails exists.

If 3, <_ .'r/2 "-. ct, no ph_tsicall_ realizable bridge is possible.

It has not yet been proved whether or not other slmpc bridges may be pc_aable when

3" > :¢/2 + (r, or whether the spherical bridges ate stable _provide a h_al minimum for the energy).

Hov, mver, our numerical results and those of H. Mittdmann (private communication), obtained us-

ing the Surface E_olver softwarepaclmge [4],indicatethat the sphericalbridgesare stable,at least

for the representative cases we col_idered. AL¢_, no bridge shapes other than the sphere haw }_n
fo_:nd numerically. Note that McCuan's results imply that a bridge is possible only for 3" > rr/2.

A sphericalliquidbridge isshown inFig. 4 forthe case ct= 25_,3"= 130'.

BRIDGE BETWEEN PARALLEL PLATES---DiSCONT_UOUS BEHAVIOR

The above results for liquid bridges in a wedge compare in a remarkable way with i.hose for

bridgesbetwter,partdlclpla:es(Fig.2). This latterproblem wa.ss*.ud2edinitiallyfrom a rigorous

matl_mat[cal point ofview by Athanassenas [5]and by Vogel [6],and lateru.qinga more physical

approach by Langbein [7}.(Note that inthese,peepers,as isthe ca._ in [3}a_d her_,thf.boundary

conditionsat the plat_ are prescribed contactan_e, wlfich _ h-orethe variationalconditionfor

_I/.For fixedend conditions,as consideredinmuch ofthe materialssczenccliterature,the behavior

ofsolutiolrsisdifferent.)In her doctoraldis_rtat_on,Zhou obtained definitive,mat h_m,_ticM results

".hatimply the following:

For an_t value of the contact angle "7 and for an.u hquid volume V greater 'd'tan or cqttal to a
crillcal value Vo(7), a unique stable liquid brtd@e exists between tttw parallel plates of 9iven separa.

!ion.

It is t:nown that any,' ecmilibri'am bridge muzt be rotationally _3,m_aetric [ill, i8] and that its

_ee surface is a Delaunay surface [3], [9], [10f For 7 > .-r/2 and for a specitie 'nq-ud volume I,,[h:

depending on the p_ate spacing h, th_ fr,_. surface ks simply a portion of the ..;urfav,_ ,,f a ._Dh,q_,

For other valuesof the volume the Delaunay surfaceisdifferentf_om a sphere.

These remits, when combincd with thc r_'ultsfor ".bewedge, imply that a badge bet_ecn

!>araIlelplatesmay change itsconfigurationand positionmarkedly when one of the platesistilted,

e_n by a small amount, or it even may cem_. to exist tm a bridge MU,g_.th_r; a li,pdd brid,j_, l_tu,e,n

parallel plates can behave d:se_tinuously with respect to tilting of the plates. In stabilit3, studies

suet, as [Z], [ti}, and [7], limited to the parallel pla_c geometry, thts hqu_d badge mstabthty w_th

respectto plate tiltisnot observed.

A.sa specificexample, considera sphericalbridgebetween parallelplatesofspacingh Suppose

the top piano xstiltedclockwiseby an angle 20t< 2-/- _ about a l)tvothne _n the platcthat "._,a

¢|_,ta,tce_h tan esfr,*mthe symmetry axis o[ the bridg_.Then the liquidremains an equilibrium

bridge for the new tilted pluto config, uratl, m, will,out a,,y c},a,,_ it, t|,s ,'s,llus .f el,. sph,-re or
'_r. the bridge's gosition on the lower piate. How_x_', a bridge with vo'-'ume V different from V.



(and _th the same contact angle) _uld change both position and shape in shering to a spheric_

bridge after the tilt, moving to the right for V < V, and to the lef_ for V > V,. This is one of the

phenomena _ wish to study in our forthcoming experimeat.

OTHER CONFIGURATIONS

When the conditions for a bridge in a wedge are not _¢isfied, liquid may a_sume a position

as a blob in the shape of a portion of a sphere in contact with the edge, see Fig. 3. "l_e condition

fi=r such a conf_mration to be possible is that ['7 - vr/2] _ or. (Recall we consider here only tim

case 0 < 2c_ < _r.) Although the edge blobs have not been studied with the same mathematica_

completeness as have the bridges, they have been noted in [11] and [12] and for some ex,-unpl_

studied numerically. Our numerical computations indicate that, as for the angular bridges, the

spherical edge blobs axe stable, and _ _t _ have found no other edge blob shapes numericaUy.

In our ear;let work, which considers fluid behavior in the neighborhood of the vertex of

_dge, we have shown that if o +'y < 7r/2, then fluid cannot remain as a blob in the edge but must

spr,:ad arbi:raril7 far _ong the edge [1], [10]. See also [12] and the references there for a discussion

of stability of liquid columns in a wedge.

ANTICIPATED EXPERIIv,:ENT BEHAVIOR

The Liquid beha_'ior one might expect in a physical experia_nt in space, based on the Laplace-

Young-G_uss formulation, is summarized in Fig 4. This figure illustrates the information discussed

above, based in part on mathematically _igoroas results and, where these are not available, on
computational evidence for particular cases. The numerical solutions depicted in Fig. 4 were ol,.

t_ined using the Surface Evolve.r soft-ware package. The computations were carried out with initi£

approximations and transitions between configurations similar to those in which the experimen', is
designed :0 proceed, thereby enhancing appropriaten_,_s of the. m_merically ba_l predictions or,

uniqueness and stability.

The upper t_'o rows of Fig. 4 _epict the non_c, tr2mg case _ > ¢r/2: A liquid bridge be._men

paraJdel plates is convex (part of a sphere for a specific fluid volume). Spherical tubular bridges

and edge blobs exist [or tilted plates, for tl_ range of values indicated V-,di_espread h_not i_,ible

Fbr fixed 7 > 7r/2, transition from tubular bridges to edge blob_ occurs _ o increases through the

For the wetting ev._e 7 < _r/2, a lh_luld bridge b_twe_n paxalhl p_ates is concave.. A tubular

b:idg¢ bet_.n tilted pla_:es is not possible, but tim (spherical) edge blob and edge.spread a_

For fixed "_ < _/2, thc transition _om edge blob to unbounded edge spread occurs as a decreases
thm,,gh 1|,_ value _/2 --"/.Computed edge blolxsare shown (from differentvic_ng perspect_._

for the ease a ----25°, "/-- h'N)° in the _,,,,l _ and for on_. 20 °, -f _ 75 _ in the bottom row.

The planned ex_erimen= will explore the transition betw_,, the configura! ion_ for a no_wetting

_nd for a wetting fluid. As discussed above, whcn initially" parallel plates axe tihod, the fluid i_

pr_Jicted to bd_aw, ,l;_:ontlnuo_ly in general, the exception being the spec:al case of a sphcr:c_
bridge and a particular pivot flue. The other transith,,.% I,,,¢;zc,nlally ac,_ tl,_ _',md al,,I f,,_th

rowz of Fig. 4 a_ a cl-.ang_ _ue, are gradual, a.s can be demonstrated by the _xplicit _pherica/
_olutlc,ns.



CONCLUDINC RER_kR.KS

W'e has_ described fluid behavior predicted mathematically and computationaliy for the forth-

coming Angular Liquid Bridge investigation on boa,-d the Mir 23 / NASA 4 _ission. The pre&c-
tions, whi'd_ include discontinuous behavior, are based on the idealized classical Young-Laplace-

Gauss formulation. In the e.xpeFmaent there will be an opportunity to check the predictions against

physical behavior and to observe the effects of hysteresis and other phenomena not included in the

classical formulation.
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Figaire 1. Tubular bridge in a wedge.

Fly-are 2. Bridge bet_eu parallel plates.
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NONWETrlNG LIQUIDS (3' > _ / 2)

Bridge between parallel plazas

Edge spread

not possible

Sphe,"icai bridge
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WETTING LIQUIDS (3' < _ / 2)

Wedge bndge

no*, possible

Bridge between parallel plates
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Edge blob Edge spre:_d
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Fie'are 4. Fluid configurations. Uppel two xow_: .onw,-tting iiquhl._; lower t_ l_,_:'._: w.:,.th,y, liqu;qls.
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